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Executive summary

© Goal: "Set-theoretic” version of representation theory for semisimple
Lie groups.

@ This is well-known for compact s.s. Lie groups K: Crystal bases.

© This talk is about crystalization for the AN group.
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Irred. representations of a compact semisimple Lie group

K — compact semisimple Lie group (connected, simply connected)

g = ¢ — complexification of its Lie algebra
= irred. unitary rep'ns of K = irred. rep'ns of g.

Ex. g=sl(n+1,C), generated by

0 0 .
EI = ( --._1 )v FI = < )1 HI = - 1—1 9
"o Ty K
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K — compact semisimple Lie group (connected, simply connected)
g = &c — complexification of its Lie algebra

irred. unitary rep’'ns of K = irred. rep’ns of g.

Irred. rep’ns of g are classified by highest weight A € P, I
Explicit structure...?
«O> (Fr «E»r < > Q>
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Irred. representations of a compact semisimple Lie group

K — compact semisimple Lie group (connected, simply connected)
g = ¢ — complexification of its Lie algebra

= irred. unitary rep'ns of K = irred. rep'ns of g.
Theorem

Irred. rep’ns of g are classified by highest weight A € P™. J

Explicit structure...?

e Weyl character formula (1925): Action of Cartan subalgebra b.

o Gelfand-Tsetlin (1950): Explicit formulas for action of simple root
vectors E;, F;, but for gl,(C) only.

e Pand-Hecht, Wong (1967), & many others: Same for o,, then
sp,,, then all classical g.

e Kashiwara, Lusztig (1990): Crystal bases (asymptotic formulas +
much more)
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Quantized envelopping algebras (Drinfeld-Jimbo)

Ex. g=sl(n+1,0),
U(g) is generated by elements E;, F;, H;,

0 0 .
Ei: ( 4-._1 )v FI = < )1 HI = - 171 )
o Ly K

with the Chevalley-Serre relations:
[H;, Ei] = ai(H))E; <81 >
Q' — a; —aj+1
[Hj, Fi]l = —ci(Hj)Fi a1
[Ei, Fj] = diHj
E?Eiy1 — 2EiEj 1 Ei + Eip E? =0
F?Fiz1 — 2FiFisiFi + Fig F? =0
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Quantized envelopping algebras (Drinfeld-Jimbo)

Ex. g=sl(n+1,C), qgeR} g#1
Uy(g) is generated by elements E;, F;, H;,

with the Chevalley-Serre relations:

[H;j, Ei] = ai(Hj)Ei o <"’1 _ > s 3 —
[H;, Fi] = —a;(Hj)Ff T e A

E;2Ei+1 [ ] EE,+1E + EiE? =0
F2Fiz1— [2]qFiFis1Fi + Fis1F? =0

1 H —H

where: [2], =g+ g~ Hl, = =L
[2lg=q+q [Hlq = ==
Rmk. Actually, one uses K; = " instead of H; as generators.
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The crystal limit (¢ — 0) simplifies not just the action of the generators,
but also the Clebsch-Gordan coefficients, branching rules, ...
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Tensor product of crystals

The crystal limit (¢ — 0) simplifies not just the action of the generators,
but also the Clebsch-Gordan coefficients, branching rules, . ..

Theorem (Tensor product rule)

If (L,B), (L',B") are crystal bases for V., V', then (LR L', B x B') is a
crystal basis for V ® V', with action

F e {(ﬁ-b)@f)c, i pi(b) > <i(c)
b® (fic), if pi(b) <ei(c)

where £;(b) = max{n | &b # 0} and p;(b) = max{n|£"b # 0}.
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O(K) = {polynomial functions on K}
={{&] - |n)|&,me V (irred. integrable g-modules)}
C(K) =0K)" — C*-closure
(O AFr <= < 2r E HAG
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— C*-closure

O(Ky) = {polynomial functions on K,}
= {{& - |ny & ne V (irred. integrable U, (g)-modules)}
A
C(Kq) = O(Kq)



Quantized algebras of functions

O(Ky) = {polynomial functions on K}
={| - Imy|& ne V (irred. integrable U/, (g)-modules)}

C(Ky) = O(Ky) — C*-closure

More generally, we can define O(Xy) and C(Xy) for any X = K/H with H
a Poisson subgroup.
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Quantized algebras of functions

O(Ky) = {polynomial functions on K}
={| - Imy|& ne V (irred. integrable U/, (g)-modules)}
YA
C(Kq) = O(Kq)
More generally, we can define O(Xy) and C(Xy) for any X = K/H with H
a Poisson subgroup.

— C*-closure

Remarks.

o ..., Neshveyev-Tuset (2012): The algebras C(Kj) form a
continuous field of C*-algebras for 0 < g < o0.

e ..., Giselsson (2023): C(Kj,) are all isomorphic for g € (0,0)\{1}.
e The O(K,) are not, though.
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g =0,00.

For Xq = SUq4(2), CPg, SU4(3), the continuous field (C(Xg)) extends to

All fibres for q # 1 are isomorphic, and they are graph C*-algebras.

«O>» «F>r «=r «=>» = A




Quantized algebras of functions: g = 0 limit

Theorem (Woronowicz '87, Hong-Szymanski '02, Giselsson '23)

For Xq = SUq4(2), CPJ, SU4(3), the continuous field (C(X,)) extends to
q =0, 0.

All fibres for q # 1 are isomorphic, and they are graph C*-algebras.

Remarks.

e Again, the O(Xj) are not all isomorphic.
e O(Xp) is a Leavitt path algebra
(= algebraic analog of a graph C*-algebra).
@ More precisely:
» C(CPy) is the AF-core of a graph C*-algebra,
» C(SUq(3)) is a higher-rank graph C*-algebra.

@ For SUq(n), there is another approach to crystallization by Giri-Pal
(2023).
Robert Yuncken (IECL Metz)
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(A%, A1) — directed graph.
Write A = {paths in the graph}
<O «Fr «=» « = = HaAnr
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(A%, A1) — directed graph.
Write A = {paths in the graph}
NB. It's a category with length functiond : A —> N.
<O <@ A E=r <2r E HAX
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Graph algebras

(A%, A1) — directed graph.
Write A = {paths in the graph}

NB. It's a category with length function d : A — N.
Definition
The Leavitt path algebra KP*(A) is the universal x-algebra generated by
projections p, (v € A%) and partial isometries s. (e € Al) satisfying:
© p, are mutually orthogonal projections
(2] S:Se’ = 5ee’ps(e)
O p= Zr(e)=v565;k
The graph C*-algebra C*(A) is the enveloping C*-algebra.
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Classic examples
s CL
o C*( e )= (C(T)
o CH(o—ot) 2T

(Toeplitz alg.)
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Examples

Classic examples
wr OV
o C*( e )= (C(T)

o C*(e HQ) =T (Toeplitz alg.)

Quantized function algebras (g # 1)

o C*( QHQ) ~ C(SU4(2)) —Woronowicz
R EENAY RN R

o C*( '@' ) = C(Yy) — Hong-Szymaniski

Y = canonical T-bundle over CP"
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Examples

Classic examples
wr OV
o C*( e )= (C(T)

o C*(e HQ) =T (Toeplitz alg.)

Quantized function algebras (g # 1)

o C*( QHQ) ~ C(SU4(2)) —Woronowicz
R EENAY RN R

o C*( '@' ) = C(Yy) — Hong-Szymaniski

Y = canonical T-bundle over CP"

Question: What are these graphs?
What about higher rank?

Robert Yuncken (IECL Metz) Crystallizing compact s.s. Lie groups 20 November 2023 29 /43



Higher rank graphs

Definition (k-graph)

A k-graph is a category A (of paths) with a morphism d : A — N¥ (degree

or coloured length) satisfying the factorization property:

dle)=m+n = e = ere uniquely with d(e;)=m, d(e) =

Notation:

o A":=d"!(n)  — paths of coloured length n e N
@ A0:--0) js the set of vertices.

o A0:-1-0) is the set of edges of colour i.

oe—0e — 0

[ 1 1

eg, o— >0 — e
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Higher rank graph algebras

Definition
The Kumyjian-Pask algebra KP*(A) of a k-graph A is the universal
x-algebra generated by projections p, (v € A®) and partial isometries s,
(e € A70) satisfying Seer = SeSer and:

© p, are mutually orthogonal projections.

©Q sise = OeerPs(ey  When d(e) = d(e').

(3] pv = Zr(e)

d(e)z‘r:

Sesy  for any n # 0 fixed.

The higher rank graph C*-algebra C*(A) is the enveloping C*-algebra.
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Crystallized algebras of functions

Theorem (Matassa-Y.)

K — connected compact semisimple Lie group.

The continuous field of C*-algebras (C(Kq))qe(0,:0) €xtends to q = 0,0
with C(Kp) = C(Ky) = C*(A) for some explicit higher rank graph A of
rank tk(K).

Remarks

e For K = SU(3), this is a result of Giselsson.
He also shows C(SUq4(3)) = C*(A) for every g € [0,00]\{1}.
Conjecture: This is true in generality.

@ Can replace K by the canonical torus bundle Y over a flag manifold.
The algebra of functions on the flag manifold itself is the
gauge-invariant subalgebra. At g = 0, o0, this is the AF-core.
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Examples

e C(SUp(3)) = C*(N), where A =
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Examples

e C(SUp(3)) = C*(N), where A =
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For A € P™, let B(\) = crystal graph of V()).
“Or <Fr a=r «=» E HAC
"~ Robert Yuncken (IECL Metz)  Crystallizing compact s.s. Lie groups 20 November 2023 35/43



The higher rank graph of a complex semisimple group

For A € P, let B(\) = crystal graph of V().

Definition
@ The Cartan component of B(\) ® B(u) is the irreducible component
of highest weight \ + u.

e Say be B()), c € B(u) are composable if b® c € Cartan component.
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Let A\e PT.
If v < X then we have a tensor product decomposition

B(\) — B(A —v) @ B(v)
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Let A\e PT.
If v < X then we have a tensor product decomposition

B(A) — B\ —v)® B(v)

R, : B(\) — B(A—v)® B(v) — B(v)

bel®bI/'_)bll




Let A\e PT.
If v < X then we have a tensor product decomposition

B(A) — B\ —v)® B(v)

R, : B(\) — B(A—v)® B(v) — B(v);

bel®bll'_)bll

Let be B()\), c € B(p) with A\ = p. Then b and ¢ are composable iff the
fundamental right ends R, (b) are composable with c for every i.
<Oy <@y <=y <Er E HAX
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The higher rank graph of a complex semisimple group
Put r = rk(K), so that P* ~ N".

Define an r-graph Ak by:

o A) :={(Re,(b),...,Rx, (b)) [ be B(p)}
— families of fund. right ends of B(p).

o Ny :={(v,b)|veN® beB()\) composable}.
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The higher rank graph of a complex semisimple group
Put r = rk(K), so that P* ~ N".

Define an r-graph Ak by:

o A% = {(Rey(b)..... Ry (b)) | b B(p)}
— families of fund. right ends of B(p).

o Ny :={(v,b)|veN® beB()\) composable}.

Theorem (Matassa-Y.)
O(Kg) = KP(/\K) and C(Kg) = C*(/\K)
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V3, ..., v € V(X) —weight basis lifting b, ..., b).
£, ..., f1e V(A\)* —dual basis.
Put =l )

v,?‘=5

(v¢ = highest)
(]~ ).
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V3, ..., v € V(X) —weight basis lifting b, ..., b).
..., € V(\)* —dual basis.
Put =l )

v =S

(v¢ = highest)
(R V)

O[Kq] is generated as a C-algebra by f, v?, for all 0 < q < 0.
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Generators for C(Kj)

V3, ..., v € V(A) —weight basis lifting b3, ..., b). (v¢ = highest)
..., € V(\)* —dual basis.
Put fA=dflIw) v =SSR IvY).

Theorem (Stokman '03)
O[K,] is generated as a C-algebra by f2, v, for all 0 < q < o0.

Definition. O;,“O[K] := Ap-algebra generated by f, v2.

NB. (9{;‘0[K] # OfO[G] studied by Kashiwara, Iglesias, which is not
x-stable.

Robert Yuncken (IECL Metz) Crystallizing compact s.s. Lie groups 20 November 2023

39/43



Generators for C(Kj)

V' ..., Vi € V(X) —weight basis lifting by, ..., b). (v¢ = highest)
..., € V(\)* —dual basis.
Put fA=dflIw) v =SSR IvY).

Theorem (Stokman '03)
O[K,] is generated as a C-algebra by f2, v, for all 0 < q < o0.

Definition. (9;,40[K] := Ap-algebra generated by f, v2.

NB. (9{;‘0[K] # OﬁO[G] studied by Kashiwara, Iglesias, which is not
x-stable.

Theorem (Matassa-Y.)

For any a € O79[K], the operators m4(a) admit a norm limit as q — 0,
where 74 : O[K,y] — £2(N)®k is any Soibelman «-representations (corresp.
to symplectic leaves).

= = = = = SaNeue
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L WO v = B @ - v @ vf').
«O>» «(Fr «Zr «E» E AR
~ Robert Yuncken (IECL Metz) ~ Crystallizing compact s.s. Lie groups 20 November 2023 40/43



L DKL v = B @1 - v @ v).
NB: V(A\) ® V(u) = V(u) ® V(A), but not via the flip map.
<O <@ A E=r <2r E HAX
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Relations for C(Kj)

L DKL v = B @1 - v @ v).

NB: V() ® V(u) = V() ® V(A), but not via the flip map.

Braiding operators

The integrable Uy(g)-modules form a braided category.
Thus we have operators Ry : V& W — W ® V satisfying the braid

relations 1oR
Ruw®l_ VRUAW ——> VW®U _Rwel

UveWw WVeU
1o UBWEY —— WRURY “1ake

uw
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Relations for C(Kj)

L VLR v = (R - v @ v)).
NB: V() ® V(u) = V() ® V(A), but not via the flip map.

Lemma

The renormalized braiding ops g+ /i’v( A),V(n) descend to crystal
morphisms

oB(N),B()  BA) ® B(p) — B(u) ® B(A)

which are ~ on the Cartan component and zero on other components.

Let's call this the Cartan braiding.
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Relations for C(Kj)

Corollary

The following relations hold in the crystal limit O[Ko]:
o f,-/\fj-" =n(b?® bj-')f,i‘f”, "J/""/{\ =n(b?® bj-")v/\ﬂl',

m

where b} ® bl — b under B(\) ® B(1) — B(X + 1) and n is the
indicator function of the Cartan component.

o fi/\"j't = Zk,/"ffl/\r

with sum over (k, I) such that. o : b} ® bl — bl ® b},
Q@ >, vif=1
Q (f)" =v;.

I

Now put:
® py =[[;vpfp forv={(b,....b) € A, = KP(A) relations. O
® s(yb) = Vppy for (v, b) € A\,
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